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Why study unstable nuclei ?

Unstable nuclei crucial to understand the formation of matter in stars

[Nature 477, 15, 2011]

FRIB will access unexplored regions of the nuclear chart
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Halo nuclei

In the light neutron-rich sector :

N

Z

n

1H 2H 3H

3He 4He 6He 8He

6Li 7Li 8Li 9Li 11Li

7Be 9Be 10Be 11Be 12Be 14Be

8B 10B 11B 12B 13B 14B 15B 17B 19B

9C 10C 11C 12C 13C 14C 15C 16C 17C 18C 19C 20C

12N 13N 14N 15N 16N 17N 18N 18N 20N 21N

13O 14O 15O 16O 17O 18O 19O 20O 21O 22O

17F 18F 19F 20F 21F 22F 23F

Stable nuclei

Neutron-rich nuclei

Proton-rich nuclei

One-neutron halo nuclei

Two-neutron halo nuclei

Proton halo nuclei

Halo nuclei exhibit a very large matter radius
Compact core + one or two loosely-bound nucleons

Ex :11Be ≡ 10Be+n
Sn = 501 keV

15C ≡ 14C+n
Sn = 1218 keV

Short-lived (τ11Be ∼ 13 s) : studied through reaction processes
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Knockout reactions a useful probe

One-neutron knockout :
P(≡ c+n)+T → c+X

⇒ high statistics since the neutron is not detected in coincidence !
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Knockout carries information about the nucleus size

its failure in detail is quite apparent. The ground state data
show an increased width and an excess of intensity at low
momenta when compared to the eikonal theory 共dashed
curveŲ , as was seen also for the 11Be data ų 1 Ŵ , shown by the
f lled diamonds in Fig. 3. The width of the calculated eikonal
distribution has been shown to retain a very small sensitivity
to the details of the prof le functions used ų 42 Ŵ but cannot
lead to asymmetry.
Our concern is this observed asymmetry. These f rst indi-

cations of a systematic departure from the eikonal theory are
evident only because of the exclusive character and quality
of the data shown in Fig. 2 and Ref. ų 1 Ŵ . In Fig. 3 we also
show that these observed asymmetries in 15C 共open squaresŲ
and 11Be 共f lled diamondsŲ must have a common origin
since their ground state distributions, and their associated
asymmetries, are essentially identical when the widths of the
distributions are scaled by their ground state bound-neutron
asymptotic wave number. The f lled circles, obtained when
the width of the 11Be distribution is rescaled by
冑1.218/0.503, are essentially identical with those for
the 15C. This scaling is what the simplest sudden approxi-
mation model would predict if the bound s states were ap-
proximated by Yukawa wave functions.
A feature of the semiclassical eikonal approximations is

that they are implicitly energy nonconserving. The calcula-
tions do not treat energy sharing between the center of mass
and relative motion degrees of freedom of the neutron and
core or the momentum transfers involved in the def ection of
the core from its assumed 共eikonalŲ straight line path. A re-
sult is that the calculated distributions must be symmetric
about the momentum corresponding to the beam velocity.
That the experimental asymmetry is pronounced for the halo
states suggests that the phenomenon is associated with the
elastic breakup mechanism and that there is a need to go
beyond the eikonal theory.

IV. COUPLED CHANNELS BREAKUP CALCULATIONS

In the present work, we exploit the fully quantum me-
chanical coupled discretized continuum channels 共CDCC Ų

method ų 27 Ŵ to calculate the elastic breakup components of
the 15C and 11Be nucleon removal cross sections. The CDCC

approach calculates a three-body solution of the Schrödinger

equation, an approximate description of the projection of the

full many-body wave function onto the ground states of the

target and core nuclei. The target t is assumed here to have

spin zero and no explicit target excitation is included, so

effects of target excitation on the elastic breakup enter only

through the complex effective interactions of the core and

valence neutron with the target. Here Rជ is the position of the

c.m. of the core and neutron relative to the target and rជ is the

position of the removed-neutron relative to the core.

The core particles c in the present case are spinless, and

the neutron has spin s and projection д . These particles are
assumed structureless. The total angular momentum of the

projectile ground state is I, with projection M, in which the

relative orbital angular momentum of the two constituents is

l0 and their separation energy is E0(�0). The incident wave

number of the projectile in the c.m. frame of the projectile

and target is Kជ0 and the coordinate z axis is chosen in the

incident beam direction.

In the CDCC treatment of the breakup of neutron-core

systems one couples the incident projectile in spin state

(I ,M ), in all orders, to selected breakup conf gurations

(I⬘,M⬘) of the core and neutron, with relative orbital angular
momentum l. This continuum of breakup states, in each sig-

nif cant spin-parity excitation I⬘, is further grouped into a
number N(I⬘) of representative energy intervals or bins. In
each bin i, representing states with wave numbers on the

interval ų k i⫺1→ k i Ŵ , a square integrable bin state о ˆ ␣ ,␣
⬅„i ,(ls)I⬘�is constructed ų 43 Ŵ as a weighted superposition
of the scattering states in that interval. In the present appli-

cations, orbital angular momenta l ͐ 5 are included and lead
to converged results. In each I⬘channel, N⫽ 10 bins were
used. This CDCC model space, for the 15C case, is shown

schematically in Fig. 4. The widths of the bins in each l

channel, extending up to the maximum relative energies in-

dicated, are chosen so that each bin spans an equal relative

wave number interval.

A. Construction of continuum bin states

For each of the N(I⬘) bin intervals, with width ⌬k i
⫽ ų k i⫺k i⫺1 Ŵ , the representative bin state is, explicitly,

о ˆ ␣
M⬘共rជŲ ⫽ ų Y l共r̂ Ų آ Xs Ŵ I⬘M⬘u␣共r Ų /r . 共1 Ų

Each radial function u␣ is a square integrable superposition

with weight function g␣(k),

u␣共r Ų ⫽冑2

в N␣
冕
k i⫺1

k i
g␣共k Ų f ␣共k ,r Ų dk , 共2 Ų

of the scattering states f ␣(k ,r), eigenstates of the c⫹n rela-
tive motion Hamiltonian Hp . The normalization factor is

N␣⫽ Ű k i⫺1
k i 兩g␣(k)兩

2dk . The f ␣ are def ned here such that, for

r→⬁,

FIG. 3. Comparison of the measured parallel momentum distri-

butions, in the projectile rest frame, for populating the 14C共g.s. Ų
共open squaresŲ and 10Be共g.s. Ų 共f lled diamondsŲ in nucleon removal
from 15C and 11Be at 54 and 60 MeV, respectively. The lines are a

guide to the eye. The f lled circles show the result of scaling the

width of the 10Be distribution by the square root of the ratio of the

separation energies in the two cases, 冑(1.218/0.503).

J. A. TOSTEVIN et al. PHYSICAL REVIEW C 66, 024607 共2002 Ų

024607-6

[J. A. Tostevin et al., PRC 66, 024607 (2002)]

KO Reactions at 60A to 100A MeV

Sudden approximation :
distribution of c inside the nucleus

+ Uncertainty principle : ∆r∆p >ħ/2

⇒ width linked to the nucleus size
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Knockout reactions a useful probe

One-neutron knockout :
P(≡ c+n)+T → c+X

⇒ high statistics since the neutron is not detected in coincidence !
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Knockout used as a spectroscopic tool

[Aumann et al. PRL 84, 35 (2000).]

Ex : 11Be+ 9Be →10 Be @ 60A MeV
Shell model predicts 1/2− g.s.

1/2+ -0.501 1s1/2

1/2− -0.184 0p1/2

10Be+n

5/2+ 1.274 d5/2

ε= 0

11Be spectrum

Parity inversion of 1/2+ and 1/2−

→ visible in KO observables !
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Reaction model and eikonal approximation

Three-body model of reaction

⇒
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1z
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effective c-n Hamiltonian hcn adjusted on low-energy spectrum

P−T interactions : optical potentials VcT and VnT

Three-body Schrödinger equation :

[TR +hcn +VcT +VnT ]Ψ(R,r) = EΨ(R,r)

Eikonal approximation : Ψ(R,r) = eiKZ Ψ̂(R,r) and ∆RΨ̂(R,r) ¿ K ∂
∂Z Ψ̂(R,r)

⇒ iħv ∂
∂Z Ψ̂(R,r) = [hcn −ε0 +VcT +VnT ]Ψ̂(R,r),

Dynamical Eikonal Approximation (DEA) [Baye, Capel, and Goldstein, PRL 95, 082502 (2005)]
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Eikonal model

DEA : iħv ∂
∂Z Ψ̂(R,r) = [hcn −ε0 +VcT +VnT ]Ψ̂(R,r),

Adiabatic approximation : hcn ≈ ε0

⇒ iħv ∂
∂Z Ψ̂

eik(b,Z ,r) = [VcT +VnT ]Ψ̂eik(b,Z ,r),

Ψeik(b,Z ,r) →
Z→+∞ eiKZ e−

i
ħv

∫ +∞
−∞ [VcT (bcT ,Z)+VnT (bnT ,Z)]dZΦ0(r),

Usual eikonal model [Glauber, High energy collision theory, (1959)]

KO cross sections : σth =∑
i SFi ×σsp,i

ko

→ occupancy of a s.p. orbital i SFi

→ s.p. KO cross section σ
sp,i
ko =σsp,i

bu︸︷︷︸
1

+σsp,i
str︸︷︷︸
2

This work :

1 Diffractive breakup σ
sp,i
bu : DEA or eikonal model

2 Stripping σ
sp,i
str : eikonal model combined with Hussein-McVoy formalism

[Hussein and McVoy, NPA 445, 124 (1985)]
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Knockout also used to study more bound nuclei

[Tostevin and Gade. PRC 90, 057602 (2014)]

∆S : p-n asymmetry of the nucleus

RS =σexp/σth

with σth =∑
i SFi ×σsp,i

ko

shell-model SFi and eikonal σ
sp,i
ko

⇒ RS interpreted as the deviations from shell-model calculations

→Asymmetry-dependence in KO not seen in other reactions
ex : transfer, quasi-free scattering [Aumann et al. Prog. Part. Nucl. Phys 118, 103847 (2021)]

¬ Which part of the w.f. is probed for halo nuclei (top left) ?
 How does this evolve with the binding energy (going down right) ?
® Improvement of the reaction model : extension of the DEA to stripping ?
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¬ Which part of the w.f. is probed for halo nuclei
(top left) ?

[Tostevin and Gade. PRC 90, 057602 (2014)]
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Halo-EFT model of the projectile

Test case : 11Be+ 9Be → 10Be+X @ 60A MeV

11Be : g.s. ε1/2+ =−0.501 MeV
e.s. ε1/2− =−0.184 MeV

1/2+ -0.501 1s1/2

1/2− -0.184 0p1/2

10Be+n

5/2+ 1.274 d5/2

ε= 0

11Be spectrum

Halo-EFT model of 11Be : uses the separation of scale to
expand low-energy behaviour with Rcore/Rhalo ∼ 0.4

[H.-W. Hammer et al. JPG 44, 103002 (2017)]

⇒ 10Be-n effective potential

At NLO : VlJ (r) = V (0)
lJ e

− r2

2r2
0 +V (2)

lJ r2e
− r2

2r2
0 with r0 cutoff

We constrain V (0) and V (2) in s1/2 and p1/2
1 Experimental binding energies of 1/2+ and 1/2−
2 Asympt. Norm. Constant (ANC) from ab initio calculations

No p3/2 interaction : negligible phase shifts at low ε [Calci et al. PRL 117, 242501 (2016)]
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Ab initio description of 11Be

NCSMC description of 11Be
reproduces the energy levels and the parity inversion !

[Calci et al. PRL 117, 242501 (2016)]
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Sensitivity of KO observables of halo nuclei

10Be-n g.s. wavefunction 11Be+ 9Be → 10Be+X @ 60A MeV

r0 = 1.2 fm b1s1/2=0.829 fm−1/2 rescaled

r0 = 1.2 fm b1s1/2=0.786 fm−1/2

r [fm]

u
1
s1

/
2
[f
m

−
1
/
2
]

1086420

0.6

0.4

0.2

0

-0.2

-0.4

(a)

kc‖ [fm−1]

d
σ
bu
/d

k
c‖

[b
fm

]

0.40.20-0.2-0.4

0.5

0.4

0.3

0.2

0.1

0

diffractive

stripping

[Hebborn and Capel, PRC 100, 054607 (2019)]

Reference calculation : ANC=0.786 fm−1/2
[Calci et al. PRL 117, 242501 (2016)]

σbu >σstr
Same ANC but SF=0.9 : same cross sections !

KO of halo nuclei sensitive only to the asymptotics !
⇒ Possibility to extract an ANC
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How does it compare to experimental data ?

Eik.
DEA
Exp.

pc‖ [GeV/c]

d
σ
k
o
/d

p c
‖
[b
/(
G
eV

/c
)]

11Be + 9Be → 10Be + X

3.423.43.383.363.343.323.33.283.263.24

4.0

3.5

3.0

2.5

2.0

1.5

1.0

0.5

0

[Exp. : Aumann et al. PRL 84, 35 (2000)]

Halo-EFT model of 11Be using ANCs of NCSMC
Eikonal lacks asymmetry due to the adiabatic approximation
σbu computed with the DEA → Asymmetry well reproduced

Sensitivity to optical potentials : ANC2 = 0.62±0.06±0.09 fm−1

⇒ Excellent agreement with ab initio value ANC2=0.618 fm−1
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How does it compare to experimental data ?

V 2
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[Exp. : Aumann et al. PRL 84, 35 (2000)]

Halo-EFT model of 11Be using ANCs of NCSMC
Eikonal lacks asymmetry due to the adiabatic approximation
σbu computed with the DEA → Asymmetry well reproduced
Sensitivity to optical potentials : ANC2 = 0.62±0.06±0.09 fm−1

⇒ Excellent agreement with ab initio value ANC2=0.618 fm−1
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Similar analysis for 15C

Eik.

DEA

Exp.

pc‖ [GeV/c]

d
σ
k
o
/d

p c
‖
[b
/(
G
eV

/c
)]

4.64.584.564.544.524.54.484.464.444.424.4

15C +9Be → 14C + X

2.0

1.5

1.0

0.5

0

[Exp. : Tostevin et al. PRC 66, 024607 (2002)]

Halo-EFT model of 15C using ANCs extracted from transfer (and NCSMC)
σbu computed with the DEA → Asymmetry well reproduced

Strong sensitivity to optical potentials : ANC2 = 1.57±0.30±0.18 fm−1

⇒ Excellent agreement with ab initio value ANC2=1.644 fm−1

ANCs of 11Be and 15C reproduce knockout data,...
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Similar analysis for 15C
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Halo-EFT model of 15C using ANCs extracted from transfer (and NCSMC)
σbu computed with the DEA → Asymmetry well reproduced
Strong sensitivity to optical potentials : ANC2 = 1.57±0.30±0.18 fm−1

⇒ Excellent agreement with ab initio value ANC2=1.644 fm−1

ANCs of 11Be and 15C reproduce knockout data,...
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ANCs of 11Be and 15C reproduce knockout data,...

diffractive breakup data transfer data,

and radiative capture data !
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Summary for halo nuclei

¬ Halo nuclei : peripherality of knockout reactions
Halo-EFT bridges ab initio and reaction theory

[Tostevin and Gade. PRC 90, 057602 (2014)]

⇒ No sensitivity to the SF
⇒ Good agreement probably due to use of a realistic ANC

Sensitivity to the optical potentials → Need for a more systematic study
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 What happens when the binding energy increases
(going down right) ?

(suggested by D. Bazin and F. Nunes @ Reaction Seminar 2020)

[Tostevin and Gade. PRC 90, 057602 (2014)]
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Deeply-bound projectile description

Irrealistic 11Be : 1/2+ g.s. Sn = 10 MeV

Beyond Halo-EFT : use a Gaussian potential Vs1/2

Vs1/2(r) = V (0)
s1/2e

− r2

2r2
0

We constrain V (0)
s1/2 with separation energy Sn

Generation of different g.s. wavefunctions with various r0

Sn = 10 MeV r0 = 2.0 fm
Sn = 10 MeV r0 = 1.8 fm
Sn = 10 MeV r0 = 1.6 fm
Sn = 10 MeV r0 = 1.4 fm
Sn = 10 MeV r0 = 1.2 fm
Sn = 10 MeV r0 = 1.0 fm
Sn = 10 MeV r0 = 0.8 fm
Sn = 10 MeV r0 = 0.6 fm
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−
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Larger r0 → larger ANC
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Sensitivity for deeply-bound projectile

Sn = 10 MeV r0 = 2.0 fm
Sn = 10 MeV r0 = 1.8 fm
Sn = 10 MeV r0 = 1.6 fm
Sn = 10 MeV r0 = 1.4 fm
Sn = 10 MeV r0 = 1.2 fm
Sn = 10 MeV r0 = 1.0 fm
Sn = 10 MeV r0 = 0.8 fm
Sn = 10 MeV r0 = 0.6 fm
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0.06

0.04

0.02

0

Larger r0 → larger ANC → larger σstr and σbu (with σstr >σbu)

Rescale with the ANC → same asymptotics but SF=0.2–0.01
σbu : smaller spread → stays mainly peripheral
σstr : no scaling (inverse order) & exhibit different shapes
⇒ σstr is more sensitive to the inner part of the wavefunction

1. From which r is σstr sensitive ? 2. How does it depend on SF ?
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Sensitivity for deeply-bound projectile

Sn = 10 MeV r0 = 2.0 fm rescaled
Sn = 10 MeV r0 = 1.8 fm rescaled
Sn = 10 MeV r0 = 1.6 fm rescaled
Sn = 10 MeV r0 = 1.4 fm rescaled
Sn = 10 MeV r0 = 1.2 fm rescaled
Sn = 10 MeV r0 = 1.0 fm rescaled
Sn = 10 MeV r0 = 0.8 fm rescaled
Sn = 10 MeV r0 = 0.6 fm rescaled
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Rescale with the ANC → same asymptotics but SF=0.2–0.01
σbu : smaller spread → stays mainly peripheral
σstr : no scaling (inverse order) & exhibit different shapes
⇒ σstr is more sensitive to the inner part of the wavefunction

1. From which r is σstr sensitive ? 2. How does it depend on SF ?
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Dependence of σko on SF

1. From which r is σstr sensitive ? 2. How does it depend on SF ?

√
< r2 > normalized

r0 = 1.4 fm σko normalized
r0 = 1.4 fm σstr normalized
r0 = 1.4 fm σbu normalized

Sn = 10 MeV r0 = 1.4 fm SF

rmin

43.532.521.510.50

2

1.5

1

0.5

0

urmin
1s1/2(r) =

{
0 if r < rmin

u1s1/2(r) if r ≥ rmin
SF = ∫ +∞

rmin
|urmin

1s1/2(r)|2 dr

⇒ SF sensitive to all distances
⇒ σko insensitive to r < 1.5 fm (decrease by only 3%)

→ insensitivity to the internal node
⇒ non-linear dependence of σko on the normalization SF

⇒ σko behaves similarly with rmin as
√

〈r2〉
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Dependence of σko on
√
〈r2〉

Each r0 generates wave function with various
√

〈r2〉

Sn = 10 MeV r0 = 2.0 fm
Sn = 10 MeV r0 = 1.8 fm
Sn = 10 MeV r0 = 1.6 fm
Sn = 10 MeV r0 = 1.4 fm
Sn = 10 MeV r0 = 1.2 fm
Sn = 10 MeV r0 = 1.0 fm
Sn = 10 MeV r0 = 0.8 fm
Sn = 10 MeV r0 = 0.6 fm

r [fm]
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]
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Sn = 10 MeV σbu

√
< r2 > [fm]

3.43.232.82.62.42.221.8
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0

Approximate linear dependence of σko in
√

〈r2〉
→ also observed in [Gade et al. PRC 044306 (2008)]
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Summary for deeply-bound nuclei

 Deeply-bound projectile Sn = 10 MeV :

σko is sensitive to the inner part but only above a certain distance
→ σko does not depend linearly on SF but approximatively on

√
〈r2〉

[Tostevin and Gade. PRC 90, 057602 (2014)]

→ Still not clear why there is a strong reduction of exp.-th. ratio

⇒ Improvement of the few-body model of reaction are still needed
ex : core excitation as in X-CDCC ? [Louchart, Obertelli, Boudard, Flavigny PRC 83 011601(R) (2011)]

dynamical treatment of the stripping as in TC ? [Flavigny et al. PRL 108, 252501 (2012)]
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® Improvement of the reaction model :
study of the extension of the DEA to stripping reactions
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Application of the ERT to the DEA

Eikonal Reaction theory (ERT) :

treats short-range interaction adiabatically

and long-range dynamically
[M. Yahiro et al. PTP 126, 167 (2012)]
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Application to Eikonal-CDCC : S-matrix Ŝ = Ŝeik
nT · ŜE−CDCC

cT

⇒ 5% error on σbu of halo nuclei on light and heavy targets

⇒ ERT factorisation of S-matrix allows to use Hussein-McVoy formalism

Study of the ERT applied to the DEA :

Adiabatic treatment of 1 Nucl. c-T interaction ERT(c) Ŝ = Ŝeik
Nucl.cT ·ŜDEA

nT+Coul.cT

2 n-T interaction ERT(n) Ŝ = Ŝeik
nT · ŜDEA

cT

→ 5% error on σbu for light and heavy targets [Hebborn and Capel, arXiv :2104.04712]

→ Is the ERT accurate for energy and momentum distributions ?
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Analysis of the ERT for light targets

11Be+ 12C → 10Be+n+ 12C @ 67A MeV

ERT(c)
ERT(n)

DEA
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1
]
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0
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0.1

0

[Hebborn and Capel, arXiv :2104.04712]

DEA accurate for these reactions [Goldstein, Baye and Capel, PRC 73, 024602 (2006)]

→ Asymmetric and shifted center caused by projectile’s dynamics
ERT(c) accurate for both E and k∥ distributions
ERT(n) accurate for E distribution but lacks asymmetry in k∥

⇒ n-T has to be treated dynamically

⇒ No simple extension of the DEA to stripping observables
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Conclusions and prospects

Knockout reactions : used to probe the s.-p. structure of exotic nuclei

Asymmetry-dependence of the ratio exp-th.
not understood

[Tostevin and Gade, PRC 90, 057602 (2014)]

¬ Which part of the w.f. is probed for halo nuclei (top left) ?

peripherality of knockout reactions
⇒ No sensitivity to the SF
⇒ σexp/σth ∼ 1 probably due to use of realistic ANCs

Halo-EFT bridges ab initio and reaction theory

⇒ One unique Halo-EFT description of 11Be and 15C reproduces
knockout, transfer and diffractive breakup data

Sensitivity to optical potentials ⇒ Need for a more systematic study
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Conclusions and prospects

 How does the sensitivity evolve with the binding energy ?

Deeply-bound nucleus Sn = 10 MeV : σstr dominant

σko is sensitive to the inner part but only above a certain distance

σko does not depend linearly on SF but approximately on
√

〈r2〉
→ Still not clear why there is a strong reduction of exp.-th. ratio

⇒ Improvements of the few-body model of reaction are still needed

® Study of the extension of the DEA to stripping using ERT

Adiabatic treatment of nucl. c-T accurate for σbu, energy and
momentum distributions

Adiabatic treatment of n-T accurate for σbu and energy distributions
→ fails to reproduce the asymmetry of momentum distributions

⇒ No simple generalization of the Hussein-McVoy approach &
extension of the DEA to stripping still needed

Thank you for your attention
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